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more pulsation we have, the higher spin we can allow and still have 
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1 Introduction 



The result of semi-classical quantization of long spinning strings in Anti de 
Sitter space is that the energy E scales with the spin S, E ~ S (for large 
S). This result, which is independent of the dimensionality of Anti de Sit- 
ter space, was originally obtained a decade ago by considering fluctuations 
around the string center of mass pQ. It holds even classically, as was im- 
mediatly shown by considering rigidly rotating strings [2], and is due to the 
constant curvature of Anti de Sitter space. These findings have recently re- 
ceived a lot of attention in connection with the conjectured duality jSl IH E] 
between super string theory on AdS 5 x S 5 and N = 4 SU(N) super Yang- 
Mills theory in Minkowski space. In the case of rigidly rotating strings, it 
was noticed [B] that the subleading term is logarithmic in the spin S 

E-S~ki(S) (1.1) 

which is essentially the same behavior as found for certain operators on the 
gauge theory side |H1 El UH IUj- The E-S relationship has been further 
investigated in a number of papers including [TJJ [TBI EH O EE 113 CHI EH 
EDII2Ill22ll23ll23ll23l25lEaESII22|for various string configurations. 

More recently it was discovered that multi spin solutions could also be 
constructed easily [3U| . Among others, a relatively simple solution was found 
in AdS§ describing a string which is located at a point in the radial direc- 
tion, winding around an angular direction and spinning with equal angular 
momentum in two independent planes. In the long string limit it was shown 
that 

E-2S~S 1/3 (1.2) 
Multi spin solitons in AdSc, x S 5 have been further investigated in a number 

of papers including puj E21 EHl EH ESI EE1 E3 EH1 E3 Ell IUJ S21 S31 mi SHI 

Eni 113 EH1 EH EB EU E2] • However, most of these papers have dealt with 
multi spin solutions in the S 5 part of AdS$ x S 5 . 

The main problem with all these multi spin solutions, is that they tend 
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to be classically unstable for large spin. For instance, the simple two-spin 
solution leading to (|1.2j) is only stable for J30] 



S < (1-3) 



8V2H 



2 a' 



This means, strictly speaking, that the result (jl.2j) can not be trusted, since 
it was derived under the assumption that S » (if 2 a;') -1 . 

The purpose of the present paper is to show that pulsation improves the 
stability properties for multi spin string solitons. More precisely, we take the 
simple two-spin string solution in AdS$ ISHJ, couple it with pulsation in S 5 
and consider small perturbations around it. We show that this solution has 
better stability properties than the non-pulsating one. 

The paper is organised as follows. In section 2, we give a short review of 
the pulsating two-spin solution in AdS 5 x S 5 [26J. Section 3 is devoted to a 
general discussion of perturbations, and in section 4 we derive the equations 
of motion for the physical perturbations around the pulsating two-spin so- 
lution. In section 5, we solve the equations analytically for a few tractable 
cases, while leaving numerical analysis of the general case for section 6. Fi- 
nally, in section 7, we present our conclusions. 



2 Pulsating Multi Spin Solutions 

In this section, we set our conventions and notations, and review the pulsating 
two-spin string soliton [2*o] . 

We have altogether for Ad S$ x S 5 , the line-element 

dv 2 ~ 

ds 2 = -(1 + H 2 r 2 )dt 2 + + r 2 (d(3 2 + sin 2 (3d<f) 2 + cos 2 (3d<f) 2 ) 

1 + H 2 r 2 

+ jp{d0 2 + sin 2 ddi? + cos 2 d(dipl + sin 2 i\) X di\)\ + cos 2 ipidip^pA) 

The 't Hooft coupling in this notation is A = (H 2 a')~ 2 , where (27ra')~ 1 is 
the string tension. The radius of S 5 is H^ 1 . 
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In the standard parametrisation of S* 3 we have the ranges (3 G [0,7r/2], 
G [0, 2n], <p G [0, 2tt], but here we shall use the alternative ranges (3 G [0, 27r], 

0G [O,7T],0G [0,7T]. 

We take the Polyakov action 

5 = / d ^^ h ^ G ^ X % X 3 ( 2 - 2 ) 

using the conformal gauge 

G^XW = 0, G^X^X" + X ,M X ,! = (2.3) 

where dot and prime denote derivatives with respect to the world-sheet co- 
ordinates r and a, such that the equations of motion are 

X» - X" 11 + T^(X p X u - X ,p X' a ) = (2.4) 

The ansatz for the pulsating two-spin string soliton is 

t = c r, r = r , (5 — cr, = cjt, = ujt, 

9 = 6{t), ip = a, il>i = il>io, ^2=^20, ^3 = ^30 (2.5) 

where (cq, tq, lv, ipio, ip2o, i>3o) are arbitrary constants. This is a circular string 
in AdS%, spinning in two different directions. It is also a circle in S 5 , but 
pulsating there. The r and 9 equations become 

u 2 = 1 + H 2 c 2 (2.6) 

+ sin0cos0 = (2.7) 
while the non-trivial conformal gauge constraint is 

9 2 + sm 2 9-H 2 (c 2 -2r 2 ) = (2.8) 

The 9 equation and constraint are solved by 

• a( \ J ^sn(r|A 2 ) , A < 1 
8111 ^ = (sn(Ar|lM 2 ), A>1 (2 ' 9) 
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where 

A = H^jc 2 -2r 2 (2.10) 

Notice that ()2.7|) is equivalent to the equation for a simple plane pendulum. It 
means that we have two types of motion, and a limiting case. More precisely, 
for A < 1 the string oscillates on one hemisphere, for A = 1 it starts at one of 
the poles and approaches the equator for r — > oo, while for A > 1 it oscillates 
between the poles. 

The energy E and the 2 spins Si = S 2 = S are easily computed 

(1 + E 2 rV)J2E 2 rl + A 2 

Ha' V ; 

7-2 



5 = ^ 2rlR2+A2 + l (2 - 12) 



For short strings (say Hr « 1) we get 

2a' V A 2 + l 



S « + + (2.13) 



such that 



H 2 r 2 « -== - 77^^ ( 2 - 14 ) 



vCPTI (^ 2 + I) 2 
which inserted into £/ gives 



1 / 2H 2 a'S AH A a' 2 S 2 \ / AH 2 a'S 8H*a ,2 S 2 

E[ ^ A) " h^\ 1 + Ta^i' W^J ^7Wm~ W^W + 

(2.15) 

For A = we get 

£7»^(1 + W5) (2.16) 



which to leading order is just the Minkowski result a'E 2 = 2(25'). For A = 1 
we get 

-E ~ -77—7(1 + 2 3 ^ 2 H 2 a S) (2.17) 
/fa 
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and for A » 1 

-—(A + 2H 2 a'S) (2.18) 
Ha' 

For long strings (say Hr » 1) we get 

E/H . 2S „ «±Z (2 . 19) 

# 2 a' 2H 2 a'^2H 2 r 2 + A 2 

Now we have to distinguish between different cases. If Hr » A, we get 
from (I2~T2|) 

S « oh+^^ (2.20) 



72a' V 4 # 2? "o 
such that 

Hr « (v^tfVS) 1 / 3 ^— ^ r ( 2 - 21 ) 

which, when inserted into (|2.19)1 . gives 

F/H 2 o J(^) 1/3 i 4A 2 -1 

^ ^~ + 2y 2 H 2 a>(V2H 2 a>Sy/3 1 J 

This result is valid for H 2 a'S » {1, A 3 }, and therefore holds in particular 
for A = and A = 1. Notice also that the pulsation only gives a contribution 
to the non- leading terms, in this limit. On the other hand, if Hr$ « A we 
get from eq. (|2.12j) 

S« § (l + ^) (^3) 

such that 

rr2 2 2# 2 Sa' AS 2 a' 2 H A 

H r ° ~ (2 ' 24) 

and insertion into (|2.19|) gives 

£ / ff - 2Sss 7^ + l I 2 ' 25 ' 
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which holds for 1 << H 2 a'S << A 3 . Thus, in this limit, the pulsation 
completely changes the scaling relation. 

For A = all the results of this section reduce to those obtained in |3T)] . 
but are otherwise quite different. The main problem is that the string soliton 
is generally not stable. For A = it was shown in [HUj that there is only 
stability for 

S < h -fi- (2.26) 



8V2H 



2 a' 



The purpose of the following sections is to find the condition for stability for 
arbitrary A. 



3 Perturbations 

There are many ways to discuss the perturbations around string solitons. 
One way is to use the Nambu-Goto action 

S = J drda^-det(G, w X%X^) (3.1) 

and make variations SX^ to obtain 5 2 S, immediately fixing two of them so 
as to take care of the gauge invariance. This is the most often used method 
in recent papers. The disadvantages are that it is not world-sheet covariant, 
and that the kinetic energy terms for the perturbations usually come out in 
a very complicated form. 

Another way is to take the Polyakov action in conformal gauge; i.e., one 
makes a variation of (|2.3|) and two variations of (see [olfl 153]) 

S = — *— / drdaGau{X^X v - X lil X' v ) (3.2) 

47TCT J 

This approach is also used in many papers, but the problem here is that 
one can not usually solve the variation of (|2.3|) . making it is very difficult to 
separate the physical and unphysical perturbations. 
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Here we will use the Polyakov action (|2.2|) : i.e., make two variations 5X^ 
and 5h a p. To ensure that we have purely physical perturbations, we shall 
consider only perturbations which are normal to the string world-sheet. This 
approach is in general world-sheet covariant, and we will eventually get the 
kinetic energy terms in a very simple form (see |56[ 15 7| 15^ ISTi]). 

First introduce 8 normal vectors to the world-sheet (i = 1, 2, 8) fulfill- 
ing 

G ltt ,N?N! = 6 ij , G^NfX^^O (3.3) 
as well as the completeness relation 

2h af} 



= X%X» p + 5 ij N?N] (3.4) 



where g a p is the induced metric on the world-sheet. Then define the second 
fundamental form and normal fundamental form 

Kit = NiX^V p X%, $ = N;X%V P N^ (3.5) 

where V p is the covariant derivative with respect to the metric G^ v . 

Since (X^,, N?) is a basis for spacetime (at least locally), we can write 

5X» = Nffi + X^ a (3.6) 

The ip a are just reparametrisations, and it can then be shown that the <p l 
fulfil the equations (see [Ml EH EH El ) 

+ j^—KfK jafi + h^R^N^X^X^j <\P = (3.7) 

where we introduced Dij a = 5ijD a + /iy a , and D a is the covariant derivative 
with respect to the Polyakov metric. 
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4 Stability of Pulsating Two-Spin String Soli- 
ton 



As the unperturbed string we take the pulsating two-spin solution in AdS 5 x 
S 5 from section 2. That is, h a p = r] a p = diag(—l, 1) as well as 

X M = (c t, r , a, ut } ut, 0(r), a, ^io, ^20, V>3(>) (4.1) 

The tangent vectors are 

X» = (c ,0, 0,u,u,6,0, 0,0,0) (4.2) 



X ,fl = (0,0,1,0,0,0,1,0,0,0) (4.3) 
The induced metric on the world-sheet is 

9ra = 0, g TT = ~9*a = -H-\H 2 r 2 + sin 2 9) (4.4) 

There are 8 normal vectors N* fulfilling eqs. ()3.3j) - (j3.4|) . They can be chosen 



as 



s/l + H*r* 



N 1 = v u (u, 0, 0, -c sin 2 a, -c cos 2 a, 0, 0, 0, 0, 0) (4.5) 

iV 2 = r sin a cos a(0, 0, 0, 1, -1,0,0,0,0,0) (4.6) 
= (l + tfV 2 )- 1 / 2 ^, 1,0, 0,0, 0,0, 0,0,0) (4.7) 

K = 7=T^ 2 = (0,0,1,0,0,0,-1,0,0,0) (4.8) 
^/H z rQ + sin 6/ 

= F= (4-9) 

v/cI^V^o+sin 2 ^ 

f-c (l + # 2 r 2 )fl, 0, 0, cur 2 sin 2 cr0, cur 2 cos 2 crO, c 2 - r 2 , 0, 0, 0, o' 

= H- 1 cos#(0, 0,0, 0,0, 0,0, 1,0,0) (4.10) 

iVj = tf" 1 cos 6 sin ^ 10 (0, 0,0, 0,0, 0,0, 0,1,0) (4.11) 

Nl = H- 1 cos 9 cos ^io(0,0,0,0, 0,0, 0,0, 0,1) (4.12) 
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Notice that the first 3 only have components in AdS$, while the last 3 only 
have components in S 5 . It is then straightforward to compute the second 
fundamental form, the normal fundamental form and the projections of the 
Riemann tensor, appearing in ([3.7)1 . For convenience, they are listed in the 
appendix. We now have all the ingredients to write down the equations ()3.7|) 
for the perturbations 



+ 



+ 



+ 



+ 



+ 



+ 



t//i 



,//2 



+ 



2cquj 



2coVl + H 2 r 2 



(4.13) 



2uj sin 9 



2c ^TTip 



r J./1 



^H 2 r 2 + sin 2 9 



2r uj9 



i/5 



^C^r 2 ^ H 2 r 2 + sin 2 9 

2H 2 r 2 u cos 99 
(H 2 r 2 + sin 2 9f/ 2 * 

2c u> n 



AH 2 r 2 (H 2 c 2 + 1) 
H 2 r 2 + sin 2 9 



(4.14) 



+ 



,//3 



+ 



2r 9y/l + H 2 r 2 



\/c, 



'H 2 r 2 + sin 2 9 



2y/T 



H 2 r 2 sin 9 



^H 2 r 2 Q + sin 2 9 



+ 



AH 2 r 2 (l + H 2 r 2 ) 
H 2 r 2 + sin 2 9 



2H 2 r cos 9 sin 9^1 + H 2 r 2 ^f$ 



-0 4 + 



t//4 



(H 2 r 2 + sin 2 0)3/2 
2uj sin 9 



(4.15) 



+ 



• 2+ 2^Jl + H 2 r 2 sin 



i/3 



v/iJ 2 r 2 + sin 2 9 ^ H 2 r 2 + sin 2 9 



2H 2 r cos 9^1 



J.I5 



+ 



AH 2 r 2 uo9 cos 9 



H 2 r 2 + sin 2 9 ^ (H 2 r 2 + sin 2 9f/ 2 
H 2 r 2 [-3H 2 c 2 + 5ff 2 rg + 2ff 4 r 4 - ff 4 c 2 r 2 ] 4 
{H 2 r 2 + sin 2 #) 2 ^ 
H 2 r 2 [{2 - 2H 2 r 2 + 2ff 2 c 2 ) sin 2 9 - sin 4 0] 4 
(# 2 r 2 + sin 2 #) 2 ^ 



(4.16) 
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j6 + *B 2r Q 6^lTHhi 



y/4=r$y/H 2 r* + sin 2 9 
2r uj6 Al2 2H 2 r cos 9 y/c* - , , , , , 



+ 



V^T 2 \/^o + sm 2 ^ ^ 2 r 2 + sin 2 

4# 2 r sin cos 9^c 2 - r 2 ^1 + H 2 



rf 2 

-3 



(# 2 r 2 + sin 2 fl) 3 / 2 



# 2 (cg ~ rg) (-grg + 2Qgrj + 1) sin 2 g - sin 4 g) . 

+ (tf 2 r 2 + sin 2 fl) 2 ^ 1 } 

-4> 6 + 0" 6 + (2 sin 2 9 - H 2 (c 2 - 2r 2 ))0 6 = (4.18) 

-4> 7 + <f)" 7 + (2 sin 2 9 - H 2 (c 2 - 2r 2 ))0 7 = (4.19) 

-0 8 + 0" 8 + (2 sin 2 9 - # 2 (c 2 - 2r 2 ))0 8 = (4.20) 

To solve eqs. (|4.1Hjl - (|4.2()jl . we make Fourier expansions 

^(r,a) = ^e-^(r) (4.21) 

n 

where <p l n * = (p l _ n . We also insert the explicit solution ()2.9|) and define 
K = Hcq. The equations are now parametrised by the two dimensionless 
parameters (A, n), where according to eq. (|2.1()jl k > A. 

Notice that we have 5 coupled equations for 0* — 0^, and 3 decoupled 
equations for the others. Let us first see what we can say about the 3 identical 
decoupled equations. They are given by (we skip the i index) 



b n + \A 2 + n 2 - 2A 2 sn 2 (r|A 2 ) )(p n = , A<1 (4.22) 




+ L4 2 + n 2 -2sn 2 (Ar|l/A 2 )U n = 0, A>1 (4.23) 



For n^O, the factor in front of <fi n is periodic and positive, making the solu- 
tion stable. The n = mode is just a zero-mode redefining the unperturbed 
solution. 

Thus we are left with the first 5 equations. 
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5 Analytical Results 



First we look at the equations in some special limits. For A = 0, correspond- 
ing to no pulsation, we get 



t + n 2 6l 



^8(1 + K 2 )^ n - ^4(2 + K 2 )in<f) 2 n = 





- n 2 (j)l + y/A(2 + « 2 )in0j, + 4(1 + k 



g + n 2 ^ + ^8(1 + k 2 )^ - 2(2 + k 
li + n 2 ^ + 2in<f n + 0* = 



2\ j.3 







(5.1) 
(5.2) 
(5.3) 
(5.4) 
(5.5) 



The first 3 equations are of course the same as in [30J, and are stable for 
K, 2 < 5/2. We are then left with the last two equations which can be written 
(we define p 4 n = <fe and p 5 n = <#>) 



( €\ 

Pi 



+ 



/ o 

1 + n 2 


\ -2m 











2in 


1 +n 2 



\ fti\ 


-1 
o / 



4 
Pn 

€ 






v o y 



(5.6) 



To have stability we must have that all eigenvalues of the matrix are imagi- 
nary. The eigenvalues are 



Ah 



±i|l — n\ 
±z|l +n\ 



(5.7) 



meaning stability. The modes corresponding to n = ±1 are zero-modes. In 
conclusion, for A = we have stability for k 2 < 5/2, corresponding to spin 



s < 



5^7 



8V2H 2 a' 



(5.8) 



in agreement with |3*Uj . 
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Another special case of importance is A = 1, corresponding to a string 
which starts at one of the poles and approaches the equator for r — > oo. 
Unfortunately, the equations do not really simplify in this limit. However, if 
we only look at the asymtotic equations, we get 



4>\ + n 2 0* - 2(Kiruf> 2 n + = 



t + n\ 



t + (n 2 -l 



+ 2(in0* + V2^ n ) - 2(k 2 - I) 

. + VWl) = 





i - 2(ind>l 








(5.9) 
(5.10) 
(5.11) 
(5.12) 
(5.13) 



It is of course somewhat dangerous to take r — ► oo in the equations, since it 
corresponds to setting a simple plane pendulum in the vertical upright posi- 
tion, c.f. the comments after eq. (|2.10|) . But we will see that some information 
can be obtained anyway. 

The last equation is solved by trigonometric functions, except for n = 
0, ±1. We note that \n\ = 1 are zero-modes, and n = just gives the 
expected exponential divergence 56 ~ e T , which is an artifact of taking 9 = 
7r/2 in the equations, c.f. the simple plane pendulum in the vertical upright 
position. 

Let us now look at the first 4 equations and apply the method of the 
previous case 



Pn 

Pi 

Pn 

j.4 



A 



Pn 



\Pi J 



\PnJ 



/o\ 








v o y 



(5.14) 
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where the matrix A is 



/ 





-1 




















\ 




n 2 





—2nin 








-2 3 / 2 k 





















-1 


















2 Kin 


n 2 - 


f4( K 2 -l) 














2 3/2 





















-1 















2*' 2 k 








u 2 -2(k 2 -1) 





2in 






























-1 




V 











_ 2 3/2 


— 2in 





n 2 





/ 



(5.15) 



Again we want to find the condition for which all the eigenvalues A are 
imaginary. For A 2 = I the characteristic polyomium is 

p(l) = I 4 + / 3 (4n 2 + 10k 2 + 6) + Z 2 (6n 4 + 24/t 4 + 32k 2 + 18k 2 u 2 + 6n 2 + 8) 
+/(4n 6 - 6n 4 + 16n 2 + 6nV + 24/t 4 n 2 + 2Ak 2 h 2 ) 
+n 8 - 6n 6 + 8n 4 - 2nV + 8nV (5.16) 

We first show that the 3 extrema fall at negative /, i.e. that the roots of 

p(l) = 4/ 3 + 3/ 2 (4n 2 + 10k 2 + 6) 

+2/(6n 4 + 24k 4 + 32k 2 + 18k 2 u 2 + 6n 2 + 8) 

+ (4n 6 - 6n 4 + 16n 2 + Qn 4 K 2 + 2Ak% 2 + 24/t 2 n 2 ) (5.17) 

are negative. For that purpose, it is enough to show that the 2 extrema of 
p'{0) fall at negative /, and that p'(0) > 0. We get 

p"(l) = 12/ 2 + 6/(4n 2 + 10/t 2 + 6) + 2(6n 4 + 24/t 4 + 32/t 2 + 18/t 2 n 2 + 6n 2 + 8) = 

(5.18) 

It is easily seen that both of the solutions of this equation fulfill the require- 
ment for arbitrary n, k. We then have to look at p'(0) 

p'(0) = 4n 6 - 6n 4 + 16n 2 + 6nV + 24/t 4 n 2 + 2Ak 2 u 2 (5.19) 

Given that the last three terms are positive, and that the first three can be 
written as 

4n 6 - 6n 4 + 16n 2 = n 2 (2n 2 - 2) 2 + 2n 4 + 12n 2 (5.20) 
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it is seen that p'(0) > 0. Now we just have to find the condition that p(0) > 0, 
which leads to 

(4-n 2 )(2 + 2K 2 -n 2 ) > (5.21) 

For n = 0, 1, 2, k is arbitrary. For n = 3, 4, 5, ... we get k < y|, v^7, ,••■> 
respectively. Thus we end up with k 2 < 7/2, corresponding to the spin 

5 < — ^ (5.22) 

indicating, that we have better stability as compared to the A = case. 

There is actually another case where we can solve the equations ana- 
lytically, namely when k = A. As seen from (|2.1(J|) and (|2.12j) . this limit 
corresponds to zero spin, S = 0. We get the equations for i — 1, 2, 3, 4 



't + nm - ^4(1 + A^l - %ri(& = (5.23) 
'9 n + n 2 2 + ^4(1 + ^)0* + 2m0* = (5.24) 



4> 3 n + n 2 <p 3 n + V4(l + A 2 )^ + 2m0* = (5.25) 
0* + n 2 0* - ^4(1 + A 2 )0 2 - 2m0* = (5.26) 



And for z = 5 



, , 2-A 2 sn 2 (r|A 2 ))^, 



Fn + Wn sn2(r |^ 2) " # = 0, (5-27) 

»„ „ - A 2 (2-sn 2 Mr|lM 2 )) - , , 

* + " * " m '(Arn/V) = ■ " £ 1 (5 - 28) 

The first four equations can be shown to lead to oscillating solutions only, 
(and zero-modes) by the same method as used before, so we skip the details. 

Since the term in front of 0^ is periodically minus infinity, the equations 
for 0^ lead to instabilities. It is not surprising that the pulsating strings 
become classically unstable for S ~ 0. Notice that the length of the unper- 
turbed string is 



2tt 



ds , 27T 



L(r) = ' d^ d ° = # V# 2r o + sin 9 ( T ) ( 5 - 29 ) 
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5 ~ corresponds to r ps 0, which gives L(r) = 27riJ~ 1 | sin#(r)|. It 
follows that the string oscillates between its maximal size and zero size. It 
is well-known that the classical perturbations blow up when a circular string 
collapses to a point. But, of course, the classical approximation cannot be 
trusted in this limit. 

6 Numerical Analysis 

Given the equations as they stand, eqs. (|4.13jl - (|4.17p . we have 5 coupled sec- 
ond order ordinary differential equations for the Fourier components (f> l n . 

Needless to say, except for the few special cases considered in the previous 
section, any attempts at solving the equations analytically end up being an 
exercise in futility. The correct way of going about the problem is to solve 
the equations numerically. In what follows, we first convert the 5 second 
order ordinary differential equations to 10 first order ordinary differential 
equations, and then solve them numerically, using an appropriate algorithm. 
A good safe choice is the classic fourth order Runge Kutta method for step 
size h. 

In order to run this algorithm, we must provide the step size h, and the 
total number of steps, N. In addition to that, we must also supply boundary 
conditions. The final data was analysed by printing the 10 graphs for the 5 
complex solutions, (f) l n — 4>n- 

All the aforementioned issues have been dealt with on a trial and error 
basis. The step size has been made gradually smaller, until there were no 
noticeable changes in the output, i.e., no changes on the fifth decimal place. 
In terms of N, we looked at the graphs and determined, that roughly after 
100000 points, it was clear whether the functions diverged or not. 

Ideally, the stability of the equations should be tested for an infinite num- 
ber of possible boundary conditions, but since that is impossible, we have 
had to content ourselves with being able to only check a limited number of 
boundary conditions for the solutions. We have not made a major issue out 
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of it, and have only varied the boundary conditions for a couple of stable and 
unstable solutions. This minor analysis showed, in terms of the behaviour 
of the functions for large r, total insensitivity to varying the boundary con- 
ditions. Given that we are dealing with complex functions, we have chosen 
finite different complex boundary conditions around unity for all the func- 
tions. 

We now turn to the numerical results. For each (A, n) we integrate the 
5 second order equations for Hcq = k > A, to determine whether we have 
stability or not. Typically we have stability up to a critical k, beyond which 
we have instability. An example is shown in Figures 1 and 2, for (A, n) = 
(2,3). In this case we have stability up to k ~ 2.54, and instability from 
k fa 2.56, which in terms of the spin is 

S <l.n{H 2 a')-\ A = 2 (6.1) 

To find the critical k which separates the stable and unstable solutions, we 
now let A and n run. The corresponding critical spin S, obtained from (|2.12|) . 
is plotted as a function of A in Figure 3. 

For A = 0, 1 we found, analytically, that the modes n = 0, 1, 2 are either 
zero-modes or stable. This turns out to hold for arbitrary A. We also saw in 
the same cases that n = 3 was the most unstable mode. This also turns out 
to be the case for arbitrary A; see again Figure 3. 

More precisely, in Figure 3, we show the maximal spin for which we have 
stability as a function of A. We only show the curves for the modes n = 3,4, 5, 
just to show that n = 3 is the most unstable mode, as already mentioned. 

The numerical results are of course in agreement with the analytical re- 
sults for A = 0, 1, and from Figure 3 we can then finally conclude that the 
inclusion of pulsation leads to better stability. In other words, the more pul- 
sation we have (the higher A), the higher spin we can allow and still have 
stability. 
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7 Concluding Remarks 



In conclusion, we have shown that when we include pulsation in S 5 [26J, the 
resulting string solution has better stabillity properties than the original two- 
spin string solution in AdS 5 j3U|- It would be interesting to see if pulsation 
could also improve the stabillity properties of the multi R-charge solutions in 
S 5 (3U] ■ Unfortunately, however, the equations for the perturbations become 
even more complicated than our eqs. (j4.13|) - (j4.20j) . meaning that the analysis 
will demand extensive numerical work. 
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A Appendix 



The second fundamental form and normal fundamental form give (we only 
show the non-zero components) 



K* T = = -r,J I + Hh-l (A.l 



yjHH\ + sin 2 1 ' 

Kl = ur (A.3) 

K 4 = - r ° C ° s6d (A.4) 
yjH\\ + sin 2 1 ' 

= -tf^f^T* (A.5) 
V c o - r o 

^ = -i%= , T 9 ( A -6) 

V^T 7 ^ a/# % 2 + sin 2 1 ' 

((34 _ „43 _ -Vl + ^Vg sing 

\/H 2 rl + sin 2 
,45 „54 ~H 2 r Q cos0y/c 2 -r 2 

" " tf 2 r o 2 + sin 2 (A ' 8) 

^ = -^ 3 = ^|^ (A.9) 
V c o - r o 



„f = = "f"' (A.10) 

\/H 2 r^ + sm 2 

V c o - »"oV^ r o + sm ^ 
Now the Riemann component terms 

R^puaKm (X'fX" 7 - A^X CT ) (A. 12) 
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lead to 



T TV T / 1. TV T1 / / ~\ 7~ f ft "\ 7" / /T 

R lipuiT N^rq{x' p x" T 


- X p X a ) 


ttI 1 








(A.13) 
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- X p X a ) 


= ~H 2 cl 








(A.14) 
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- X p X a ) 


= -H 2 4 








(A.15) 
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- X p X a ) 


= H 2 (2r 2 - 


cl) 






(A.16) 
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- X p X a ) 


= ~H 2 (2r 2 


-4 


)) 




(A.17) 


R^ a NgN»(X' p X'° 
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= 2sin 2 #- 


H 2 


cl 


- H) 


(A.18) 


R^N!}N v 7 {X'»X' a 
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= 2sin 2 #- 


H 2 


cl 


- 2r 2 ) 


(A.19) 
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Figure Captions 



Figure 1. Example of a stable solution for A = 2, k — 2.54, n — 3. All 
perturbations are finite oscillating functions. 

Figure 2. Example of an unstable solution for A = 2, k — 2.56, n = 3. Some 
perturbations blow up. 

Figure 3. Maximal spin S (in units of (i^ 2 a') _1 ), for which we have stable 
solutions, as a function of A. 
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